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ABSTRACT 


Classical differential geometry is the study of curves and surfaces in Euclidean 
3-space. From fundamental forms to curvatures, and geodesics, differential geometry has 
many special theorems and applications worth examining. Among these, the Gauss-Bonnet 
Theorem is one of the well-known theorems in classical differential geometry. It links geo- 
metrical and topological properties.of a surface. 


In this project, I will: 


1. introduce some basic concepts in differential geometry and explain them through 


some examples 


2. extensively analyze and explain the Gauss-Bonnet theorem, then present the proof 


of the theorem in detail with my own understanding. 


3. and, consider applications of the Gauss-Bonnet theorem to some special surfaces. 


iv 


ACKNOWLEDGEMENTS 


A special thanks to all the instruction, direction, guidance, assistance, corrections, 
patience, and goodness of Dr. Wang from the first day of Math 610 (Differential Geometry) 
until the conclusion of Math 600 (Thesis and Presentation). Also, I would like to thank Dr. 


Sarli and Dr. Stanton for their valuable comments and great assistance. 


Table of Contents 


Abstract 
Acknowledgements 
List of Figures 


1 Introduction to Differential Geometry 


lel. Surface 2086 ceca tek eek Jo Ge 2 oben a eae ee & Se, Moe eae eee 
1.2 Fundamental Forms of a Surface ........0. 20 eee ee ee es 
13% S@iirvature seve oh ick ee eee es eas anil ds Sete he oe ee a ik 
Tas -Chiristofiel Symbole acs. <2, a, hie dow ae a ae ea ee oe dw 
1.5 Covariant Differential 2... ee 
156; $Geod esis o.ciisgish, ok: ati ce GAB ASR: Ames eee he Sy red ee ed ae 
1.7. Euler Characteristic . 2... ee 
T-8:, -Hxamples® ie esa dco dea: ib eece ese eat IS th bend, GR we Spon an 
2 Gauss Bonnet Theorem 
2.1 Define the Total Variation .... 2... 0. ee ee es 
2.2. Proof of Gauss-Bonnet Theorem .........0 002 ee eee ee eens 


3 Applications 


Bibliography 


vi 


List of Figures — 


a 
1.2 
13 
1.4 


1.5. 


1.6 


1.7. 


1.8 


De 


2.2 
2.3 


2.4 — 


2.5 
2.6 


3.1 
3.2 


The parametrization of a surface... 0... 2 
The tangent vectors at a point on a surface... ........... Heneues 4 
Phe Gangent vector V-, 2,8 93) eb alain ale ee 6, we lacd fee Hid Mae cs Seen 20 
The parallel tangent vector field... ........ ee is edad & ibe Bact 20 
The angle between the unit tangent vectors.......... ice Pe Sed - BL 
The ellipsoid. .......... bb tee 5 hk, Miayee Boge Ns aS Seal. oe 5 . 23 
Pie spheres \es cts Pike ee Bes Se Ne er a te wid de eed ek 8 Oe 28 
The torus (a)... 2... 0.0. De neaies eed aparera ee 31 
The angle between the vectors yj and zj. ..........00200% Syegiciac OO. 
The unit tangent vectors z1, 22, y1, and yn. ........-24.- Pie ecg le. ¢ ae 
The angle measures at a vertex... 2.0. ee eee 39 
An example of a triangulation. ........0.0.000.......000000s 45 
The edge associated with its angle... . 2... ..0.0....02; ‘eaceavs 26 
The two.angles associated with one CARER SS wy teed, Puch Gta beta ie 46 
The sphere (b). ....... Re rae ee ee ee oe are ae eee 2. 50 
MENG POD) e2h Sh wir '5, peek ar: oak alee ABD pe tan: Bk Ek a ate, Si Soret 52 


Chapter 1 


Introduction to Differential 


Geometry 


In this chapter, we will introduce some essential notations and definitions of dif- 
ferential geometry that set the foundation for my study of the Gauss-Bonnet theorem. The 
exact definitions have been studied and presented from Chuan-Chih Hsiung’s book titled, 


”A First Course in Differential Geometry,” reference [Hsi97]. 


1.1 Surface 


Definition. A surface in E? is a subset S of E® such that for each point p € S there are 
a neighborhood V of p in E® and a mapping X : U —+ VN E? onto VN'S C E® subject 


to the following three conditions: 
(i) X is continuously differentiable in E?, 
(ii) X is a homeomorphism, 


(iii) X is regular at each point q € U. 


The mapping X is called a parametrization or a (local) coordinate system at p. Condition 
(ii): X is a homeomorphism implies that X has a continuous inverse X~*. Condition (iii) 
means that for each q € U, the differential mapping dX : HE? —> E® is injective. This also 
implies that at each q € U the vector product 


Figure 1.1: The parametrization of a surface. 


OX Ox 
On Ou 


Xx Xx 
where (u,v) € U (i.e. the vectors ~ and =~ are linearly independent at each q). We 


will denote these two vectors as 


_OX _ax 


Xu = By ek 


Definition. A curve a: I —> S on asurface S is a differentiable function from an interval 


I into S, where I = [a, 6] on the real line E?. 


Definition. Let p be a point of the surface S in E°. A vector in FE? is a tangent 
vector of S at p if it is tangent to some curve on S at p. A tangent vector field on a 
surface S or on some region R of S is a function that assigns to each point p of S or Ra 


tangent vector of S at p. 


Lemma. All tangent vectors of a surface S at a point p form a plane that is called 


the tangent plane of S at p and is denoted by T,(s). 


The tangent plane of a surface through a point p is the set of all vectors tangent to some 


curve on the surface passing through p. The tangent plane can be described by the set: 
Tp = {Y :p+sX,+tX,} where (Y — p)-(Xy x Xy) = 0. 


Note: X, and X, are linear independent. 


Definition. The line orthogonal to the tangent plane T,(s) of a surface S at a point 
p is the normal to S at p. A normal vector field on S or on a region R of S' is a function 


that assigns to each point p of S of R a normal vector of S' at p. 


The unit normal vector to the tangent plane, denoted by e3, is defined as: 


Xy X Xy 


eg; = +————_—_.. 
2 pene on 


The normal plane for a curve through a point t can be described by the equation: 
(Y — X(t))- X(t) =0, 


where X(t) is the parametrization of the curve and X’(t) is the tangent to the curve at t. 


1.2 Fundamental Forms of a Surface 


Before we state what the fundamental form is, let us look at the differential of a 
parametrization of surface and integrate its arc length. 

Let X:U Cc E? + Sbea parametrization of a surface S, and let (u,v) €¢ U. At 
a point x = X(u,v) on S, define two tangent vectors e1, e2 such that: 

(i) e1(u,v) and e(u, v) are of continuously differentiable in E?; and 


(it) the determinant |ey, e2, e3| > 0. 


€3 


Figure 1.2: The tangent vectors at a point on a surface. 


For a X (u,v), we have X,, and X,, which can be expressed as a linear combination 


of e; and eg. We have: 


Xu = piei + prea, 
Xy = Ne1 + Gee, 


where 9), p2, qi, and gg are function of u and v. Now we will look at the differential of X 
to construct the inner product in order to define the first fundamental form of the surface 
at a point x, 

dX = X,du+ Xydv. 


THE FIRST FUNDAMENTAL FORM: 
I= dX - dX. (1.1) 
Take: 
dX -dX = (Xydut+ Xpdv) -(Xydu+ Xydv) 
= (Xy-Xy)du? + (Xu -Xy)dudu + (Xy - Xy)dudu + (Xy + Xy)dv? 
(Xy + Xy)du* + 2(Xy + Xy)dudu + (Xy - Xy)dv” 
Edu? + 2Fdudv + Gdv?, 


where 
He Xe Kes P= Xe Xays G=>Xy* Xp 
The arc length of X(t) in a surface, from t; to tg is given by 
t2 
= : IX’ (¢) lat. 
ty 
Therefore, the first fundamental form can be written as follows: 


I = Edu? + 2Fdudv + Gdv?. (1.2) 


Definition. An isometry f : S — S of two surfaces S, 5 in E® is a bijective differentiable 
mapping that preserves the first fundamental form; when this is the case, the two surfaces 


S,S are said to be isometric. 


Example. A plane, parameterized by 
a(u,v) = (0, u,v), 
and a cylinder, parameterized by 
z(u,v) = (cosu,sinu,v), such that 0 <u < 2z, 
are isometric since they both have the first’ fundamental form: 
I = du’ + dv”. 


Now we will look at the differential of e3 to construct the inner product in order 


to define the second fundamental form of the surface at a point x, 
deg = e3,du + egydv. 
THE SECOND FUNDAMENTAL FORM: 
II = —dX - deg. (1.3) 
Take: 
—dX -deg = (Xydut+ Xydv) - (e3udu + e3y,dv) 

= —((Xy- egu)du? + (Xu - e3y)dudu + (Xz - egy)dudu + (Xz - e3y)dv*) 

= —((e3-Xuy)du? + 2(e3 - Xy»)dudv + (e3 - Xyy)dv”) 

= Ldu’ + 2MFdudv + Nav’, 


where 


L= —e€3y-Xy = €3* Xu; 
M = —€3y° Xy = —€3y ° Xu = €3° Xu, 
N = —€3y » Xy = €3 - Xyy- 


Therefore, the second fundamental form can be written as follows: 


II = Ldu? + 2Mdudv + Ndv?. (1.4) 


THE THIRD FUNDAMENTAL FORM: 


III = des * deg. (1.5) 


The fundamental forms I, II, III can be regarded as a function on du and dv. 


1.3 Curvature 


We will now look at the relationship among the curvatures of curves on a surface, 
S at a point p. 

Let X :U c E? — S be a parametrization of a surface S, and let (u,v) € U. 
Let C' be a curve of S through p = X(u, v) with arc length s, and let t be the unit tangent 
vector and n be the principal normal vector of C' at p. The curvature « of C at p is then 


given by: 
dt 
ds 


An. 


Definition. The normal curvature, denoted by Ky is the curvature of the curve from the 


intersection of a surface by a plane through the unit tangent vector, t and surface normal, e3. 


If @ denotes the angle between the principal normal vector n and the surface 


normal e3, we have the following relation: 


Kn = «c08 6. 


The normal curvature can also be written as the quotient of the second and first 


fundamental form: 


Kcos8 = K(n-e3) 


KN = €2°€3, 


KN = K1 COS” 6 + Ko sin? 6. 


Example. If we have a unit speed curve 7(t) on X then ky = II, since: 


KN = e3°X 


d . : 
= ¢63- a aut + Xyb) 
= €3+(Xyti + Xyd + (Xuyth + Xyyb) + (Xyyt + Xyyb)v) 
= Ldu? + 2Mdudv + Ndv’. 


Definition. The principal curvatures of a surface patch are the roots ky, kg of the 


equation 


L-kE M-kF 


M-—kF N-kG 


Definition. From the principal curvatures we have, the mean curvature defined as: 
1 
ie 5 (ht + ke) 


or 
_ LG-2MF+NE 


ie 2(EG — F?) 
Note: A surface with H = 0 everywhere is called a minimal surface. 


Definition. Also, from the principal curvatures we have the Gaussian curvature defined 
as: . 
K = kyko. 


We can express the Gaussian curvature with the fundamental form coefficients: 


2 
By looking at the Gaussian curvature, we can determine if a point on the space 
is elliptic, hyperbolic, parabolic, or planar. The following surfaces have constant Gaussian 
curvature. In the chart below the type of a surface and the type of a point on a surface is 


known by calculating the Gaussian curvature. 


Gaussian curvature Type of point on a surface Example of a surface 


K=0 parabolic or planer point plane 
K > 0 (constant) elliptic point sphere 
K <0 (constant) hyperbolic point pseudosphere 


There is no complete surface in Euclidean 3-space of constant negative Gaussian 


curvature. However, if a compact connected surface has constant Gaussian curvature K 


then the surface is a sphere of radius: 
1 


Wie 
The Gaussian curvature is also preserved by isometries. If we have some isometry 
f : Si — Sp» then the Gaussian curvature of S, at a point p is equal to the Gaussian 
curvature of S2 at f(p). 
By calculating the mean and Gaussian curvature by means of the first and second 


fundamental forms of a surface, we can, in turn, find the principal curvature k,, ko: 


ki, ko = H+/H?2—K. 


1.4 Christoffel Symbols 


Is there a link between the second fundamental form and the first fundamental 
form? The Christoffel symbols express Xyy,, Xuv, Xvv, €3u, €3y aS a basis of X,, Xy, e3 
where X : (u,v) > S is a parametrization of a surface S, and eg is the unit normal vector 
of S. The formulas for Xyy,, Xyy, and Xyy are: 


Xun = ThXy+T?Xy + Les, (1.6) 
Xw = VipX,+T2,Xy + Mes, (1.7) 
Xy = Th X,+T2,X% + Nes, (1.8) 


where I k for 4, j,k = 1,2 are called the Christoffel symbols. The Christoffel symbols are 


to be determined as follows. 


We will express e3,, €3, as a basis of X,,Xy,. The partial derivatives can be 


expressed as 
C3, = aXy,+bXy, 
cXy + dXy. 


€3y 


By taking the inner product of these with X,, Xv, 
ie. €3y°Xu , €3u°Xv , C30" Xu , €3y* Xy 


we have: 


| 
tt 
I 


ak + bF 


, (1.9) 
—-M = aF+0bG 
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—-M = cE+dF (1.10) 
—N = cF+dG 
for some coefficients a, b, c,d. Recall from the fundamental forms, the following dot products 
with e3: 
e3*Xu = —€3u: Xu =L, 
eg*Xy = —€3y' Xu = —€3u°Xy = M, 
and eg°Xy = —e3y°'Xy=N. 


Solving the system (1.9) and (1.10) for a, b, c,d gives 


a DEG+ FM _ -EM + LF 
- BG — F2 ’ - EG-—F2? 
_ -MG+NF q-EN+EM 

“= EG _F2? ~ EG — F2 


Therefore we have e3, and e3, written as linear independent combinations of X, and Xy: 


_ (FM —LG)X,,+(FL—EM)X, 


(1.11) 
_ (FN ~GM)X, + (FM ~ EN)Xy 


ae EG — F2 


These are also known as the Weingarten formulas. 
Now, we will express Xu, Xuy, Xvy as a basis of {X,, Xy,e3}. Consider the 


derivatives of X,, Xv: 


dXy = Xuu + Xw; 
dXy = Xw + Xow. 
The partial derivatives can be expressed as 
Xy = aXy+agXy + aze3, (1.12) 


Xw = PyXy+t PoXy + f3e3, (1.13) 
Aw = WXut Xv + 73e3- (1.14) 


By taking the inner product of the partial derivatives with e3, we have: 


Xuu@3 = ayXy-e3 + aoXy -e3 + ageg -e3 = LD, 
Ai Xy +3 + BoXy + e3 + P3e3 -e3 = M, 
Xwse3 = WXy-e3 + yXy + e3 + 73e3-e3 = N, 


Xuy * €3 


which becomes 
L=a3, M= 3, N= 43. 


By taking the inner product of the partial derivative X,., with X,, Xy, we have: 


Xo Xy = a Xy+ Xy + agXy > Xy + agez - Xy, 
Xuy + Xy = ay Xy+ Xy + aeXy- Xy + age3: Xy. 


Note: for any parameterization R, the following holds true 
1 
Raw Ru = 5(Ru* Ru)u and Ryy- Ry = (Ru: Ryu — Ry: Ruy. 


Therefore, if we solve this system of equations, 
Xu Xy = QE + ak 
Xu Xy = 4 F + aeG 
where 
Xun : Xu = (Xu . aia oz 5 Eu 
Xuu Xy = (Xq Ay ee — Xe Kew =f, - 


NIR 
iS 


we can obtain 


ay = 


3E,G— FF, + 4EyF 
EG — F? 
GE, — 2FF,+ FE, 
2(EG — F?) 


Se; 1 
= Vy 


il 
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and 


EF 
FG 


EF, — 5EE, — 3FE, 
EG — F? 
2EF, — BE, — FE, 
(EG — F?) 


2 
yy. 


By taking the inner product of the partial derivative Xy, with X,, Xy, we have: 
Xu + Xu = Py Xu + Xu t PoXy - Xu + B3e3 + Xu, 


Xuy * Xy = Pi Xy + Xy + SoXy + Xy + B3e3 -Xy. 


If we solve this system of equations, 


Xu . Xu a AE oh: BoF 
Xu Xy = AF + fo © 
where 


we can obtain 


5EyG = $FGy 
EG — F? 


GE, <= FG. 
2(EG — F?) 


a 1 
= Dp 


and 


E 3B, 
F 3G, 
E F 
FG 


fp = 


3EG, — 5FEy 
EG — F? 

EG = FE, 

2(EG — F*) 
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Finally, by taking the inner product of the partial derivative X,, with X,, Xv, we have: 


Xo Xu = 1 Xu- Xu + VoXy - Xu + 73€3 * Xu; 
Xoy + Xy = WXy- Xy + yoXy > Xy+ 3e3 °° Xy. 
If we solve this system of equations, 


Xyy > Xy = WE + oF 
Xyy » Xy = nF + 2G 


where 


Xoyy “Xy = (Xy iMag hii — Xy »Xyu = Fy _ 3Gu 
Xyy »~Xy = (Xy -Xy)y = Gu 
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we can obtain 


FG 


6G 1 GR ire, 
EG — F? 


2GF, — GG, — FGy 
2(EG — F?) 


and 


Yo: = 
E F 


FG 


ZEG, — FF, +5FGy 
EG — F? 
EG, —2FF, + FG. 
2(EG — F?) 


_— 72 
= Too. 


Therefore, we have the Christoffel symbols which only depend on the first fundamental 


form. 
Now we will consider higher partial derivatives of X and e3 by substituting (1.6) 


and (1.7) into the equation 
(Xea)y = OC. he 
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The left hand side simplifies to the following using (1.8) and (1.11): 


(Xuu)v _ (ix, + 1X + Le3)y 


Thy yXe + ine. ae + ie. @ + Pikes + Lye3 + Lezy 


= (Ui )XutTi(CigXu + i,Xy + Mes) + (Tiy)vXy 


+14; (TigXu + T2,Xp + Ne3) + Lye3 


ap (EN = GM)Xu + (FM ~ EN) Xu 
EG — F? 


FN-GM 


= rhs +Tilie + TiiP de + Lan 


|x 


FM— EN 


+ [hve rire +rarh + AMEN 


|x 


+ [Ly + MT}, + NT}, ] es. (1.15) 


The right hand side simplifies to the following: 


(Xu )u = (VigXy = TioXv + Me3)u 
= (Tin)uXu a TeX uu + (Vi2)uXv = Tio Xou + Mye3 + Mezy 
= (Vie)uXu t+ PigV iy Xu +25, Xo + Les) + (Vie)uXe 


+1 tg (TipXu 2m TX» + Me3) + Myes3 


ia (EM =1G)Xy + (FL—- EM)X, 
EG — F? 
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FM-—LG 


= Ph. + ToT; + Pesky + Maa Fz 


|* 
FL-—EM 


+ ri. +TpTh +TRT i + M GL F 


|x 


+ [M, + LT, + MT%,] es. (1.16) 


And setting the corresponding coefficients of X,, Xy, and e3 terms in (1.15) and 
(1.16) equal to each other, we have: 


FN-—GM _ 
EG—F2 — 
FM —LG 
EG — F?” 


(Cio + TU Pty + PUTS: + L 


(Uia)u tT iol hy +0 UP io + M 


LFN —LGM—FM?+LGM _ 
EG — F? - 
(Tia)u — Tino + PHP ie — TP de + Tiel —Pil i, 


LN — M? 
Fq@o pe = Cizu~ Che + Tiel ie — TiaP oni (1.17) 


FM—EN _ 
EG—F2 — 

FL—EM 
EG — F?’ 


(Cie + TUF Yo + TTS. + L 


Vou + Vili + PT io + M 


FML—ENL—FML+EM? _ 
EG — F? = 
(Via)u - Cio + Tilt —Til ie + Pl fo — TUT So, 


LN — M? 
SG RP = 


(Uio)u — Pho + Pili, — TP fe + PET I. — THE Se; (1.18) 
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Ly + MY3,+NT?, = M,+ 11}, + MT, 


b= Mi IVtg— NTS + Mss = 1): (1.19) 


Likewise we can substitute (1.7) and (1.8), into the equation 


(Kase = ©, Ora re 


and through similar calculations from above (not to be shown here) we have the following 


results, 


LN — M? 
a EG —F? — 
(Ude)u — Vie)o + PoP — PIV te + Poel Pe — P20 Se; (1.20) 
LN — M? 
—S6r R= (32 )u — (Piao + Poe0 1 — Pil ho; _ (4.21) 
My — Nu = LT 3, — NT?, + M(3_ — Tt). (1.22) 


The equations (1.17), (1.18), (1.19), (1.20), (1.21), and (1.22) that represent higher 
partial derivatives of X and e3 are called the Gauss equations. And these give us another 
remarkable concept that the Gaussian curvature only depends on the first fundamental 


form, namely: 


—jEw—Fuv-3Gu $Eu Fu-3E, 0 gE, §$Gy 
Fy, — 5Gu E F |-|\3Ek E F 
2 4Gy F G 3G. F G 
(EG — F?)? 


If F =0, then the Gaussian curvature simplifies to 
= oe tee OY Gu =e Bie ee 
2VEG Ou JEG Ov JEG” 
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And if EF = 1, we have, 


1.5 Covariant Differential 
Now, we can use the Christoffel symbols to write the differential forms of the 


parametrization, X (u,v) of a surface, S, namely: 


aX, = Xydut+ Xydv 


= [hj Xudut+ Th Xydv +12, X du + 12.Xydu + bizegdu + bigesdv 


aXy = Xyydut+ Xyydv 
where b},; = L, bg =M, and bo=N. 


We previously know how to describe any tangent vector at a point, p on S as a 
linear combination of X,, and Xy. 


Let V be the tangent vector at p, see Figure (1.3), where 
V= yiXu + yoXv, 
And the differential of V is 


dV = dy Xytyi(Uy,Xydut+Ti.Xydv +12, X,du +137,Xydv) + y1(biresdy + bizegdy) 
+dyoXy + yo(Ua Xudu +0 h.Xudv +13, Xydu + P3.Xydv) + yo(boiesdu + beeesdy). 
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wd 


Figure 1.3: The tangent vector V. 


The change of the vector field in terms of the tangent space can be described by 


the covariant differential. 


Definition. The covariant differential VV of a tangent vector V of S at a point p 
is the orthogonal projection of the differential dV from the normal e3 of S$ at p onto the 
tangent plane of S at p. Therefore, 


VV (dyy + wT Yt du + yD todu + yo}, du + yo hdv)Xy 


I 


+(dyz + y:V2,du + yD 2odv + yo 2, du + yol2ndv)X, 


Since e3 is orthogonal to VV, we have 


VV -e3 = 0. 


Also, the covariant differential VV depends only on the first fundamental form. A spe- 


cial case of the covariant differential is when VV = 0. 
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Figure 1.4: The parallel, tangent vector field. 


Definition. The parallel tangent vector field of V along a curve C on S$ is a vec- 


tor field V satisfying the condition VV = 0. 


If follows that when VV = 0 we also have: 


ae du 1 dv 


dt Mt dt 
dy2 9 du 


sy a wluse 


+ yol 


4 pl? dv 


22 lt i 


22 Oe = 


0, 


0. 


In conclusion, we can use parallel tangent vector fields for two important statements. 


(1) Any two surfaces with the same first fundamental form, I, have the same parallelism. 


(2) The angle between parallel tangent vector fields V and W on S have constant angle 0 


if V and W have constant lengths. 


21 


9 X"(s) 


Figure 1.5: The angle between the unit tangent vectors. 


1.6 Geodesics 


It is common knowledge that the shortest distance between two points in a plane 
is the straight line that joins them. We can generalize the definition of curvature of a plane 
curve to define the geodesic curvature of a curve C' on a surface S by using the notion of 


parallelism. Recall that the curvature of a plane curve at a point p(s) can be defined as 
att 
ds’ 
where s is the arc length and ¢ is the angle which the oriented tangent of C' at p makes 
with a fixed direction. 


Definition. Consider a family of unit tangent vectors ¥(s) of a surface S, which are parallel 
along a curve C' on S where s is the arc length of C’. Let 6 be the angle between y(s) and 
the unit tangent vector X’(s) of C. Then the rate of change of @ with respect to s is called 


the geodesic curvature at a point p of C on S, denoted by 
_ d0 
~ ds" 


The geodesic of the surface is a curve on the surface with zero geodesic curvature every- 


Kg 


where. 


22 


Therefore, the angle between the unit tangent vector a parallel tangent vector is 
constant along the geodesic. Note that & is independent of the choice of 7. 

Examples of geodesics are: {1} all straight lines in a plane, {2} the images under 
the isometry of all the straight lines in a plane to a cylinder, {3} all great circles on a sphere 


and {4} any normal section of a surface. 


1.7 Euler Characteristic 


Definition. A triangulation of a regular region R of S is a finite family of triangles 
91, ...9, such that 
(1) the union of all S; covers the region; and 
(2) the intersection of any S; with S; is equal to one of the following: 
(a) empty, 
(b) common side of 3; and S;, 


(c) or common vertex of S; and %;. 


The triangulation gives us such information as the number of triangles, f, the 
number of edges on the triangles, e, and the number of vertices, v, on the triangles. It can 


be proved that v — e+ f is independent of triangulations. 


Definition: The Euler characteristic of the triangulation of regular region of a surface 
is 


v—e+f=x. 


Even though different triangulations of a surface, S', will have a different number triangles, 
edges, and vertices, the Euler characteristic only depends on the surface and is independent 


of triangulations. We will calculate the Euler characteristic of some surfaces in Chapter 3. 


1.8 Examples. 


Example. THE ELLIPSOID 
Now we will look at an example of a surface and calculate the normal, principal, Gaussian, 


and mean curvature. The ellipsoid is more complex surface to examine than the sphere. 
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Figure 1.6: The ellipsoid. 


The ellipsoid centered at the origin is as follows: 


where the z,y, and z intercepts are (+a,0,0), (0,+0,0), and (0,0, +c). 


We can parametrize S by 
X (u,v) = (asin ucos v, bsin usin v, ccos u). (1.23) 


1. Show the ellipsoid is a surface on the intervals 0 < u < 7 and 0 < v < 2x. 
First, to show that X is one to one, we need to show X (uj, v1) = X(ug, v2). In fact, 


show 
(asin uj cos v1, bsin uz sin v1, Ccos ui) = (asin ug Cos Ve, bsin ug sin v2, CCos U2). 


Since the function f(x) = cosz is a one to one function on 0 < x < 7, then uy = ue 
implies that 


cost =cosug forany wi, ug € (0,7). 


Therefore, 


ccosu, =ccosug when uj) = Ug. 


To show that 
(asin w1 cos v1, bsin vu; sin v1) = (asin uz cos v2, bsin ug sin v2) 


we need to consider two cases: 


(i) vy =vq ~~ and 


(ti) vy = 2m — vo. 


We already have 


CCOS U1 = CCOS U2 


which immediately gives 


sin wu, = sin uo. 
And sin vj = sin v2 is obvious when v1 = v2. If vy = 2m — ve, then 
sin v1 = sin(27 — ve) = — sin ve. 


Either 


sinv; =sinva=0 or vy=w=T7, 


which both show sinv, = sin v2. Therefore, we have 
X (uz, v1) = X (ua, v2), 


when wu, =Uu29 and = vy = v9. 


Next, we need to show that ry, X Zy = 0, 


acosucosv bcosusiny —csinu 
Ly X Ly = 
—asinusinv bsinucosy 0 


= sinu(bcsin ucos v, acsin usin v, abcos u) 


#0 


Note: sinu 4 0 since u 4 0,7 on the open set (0,7). 


Finally, the mapping X : (u,v) —> E® is onto. 


2. Find the fundamental forms: I and II of the ellipsoid. 


Ly = (acosucosv, bcos usin v, —csinw), 


Ly = (—asinusin v, bsin ucos v, 0), 
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Luu = (—asinucos v, —bsin usin v, —ccos wu), 
Ly = (—acosusinv, bcos ucosv, 0), 
Lyy = (—asinucosv, —bsin usin v, 0), 


(besin u cos v, acsin usin v, abcos wv) 
. . d 
o/c? sin? u(b2 cos? v + a? sin? v) + a2b? cos? u 


2 


€3 


E = a? cos? ucos?v + b? cos? usin? v + ce? sin? u 


= cos” u(a? cos? v + b sin? v) + c? sin? u, 


F = —a’*sinucosusinvcosv + 0? sin ucos usin v cos vu +0 


= (b* — a) sinucos usin v cos», 


G = a’sin? usin? v + b? sin? ucos? v +0 


= sin? u(a? sin? v + b? cos” v), 


—abe 


. . ? 
/¢c? sin? u(b? cos? v + a? sin? v) + a2? cos? u 


—abcsin? u 


Jc? sin? u(b? cos? v + a? sin? v) + a2b? cos? u 


3. Find the normal curvature. 


II Ldu* + Ndv? 
I ~— Edu? + 2Fdudv + Gdv?’ 
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where 


—abe 
SSS SSS SS SSS du? 
Vc? sin* u(b? cos? v + a? sin? v) + ab? cos? u 

—abcsin? u 2 


¢ dd 
Vc? sin? u(b? cos? v + a? sin? v) + a2b? cos? u 


Ldu? + Ndv? = 


and 
Edu? + 2Fdudv + Gdv* = (cos? u(a? cos” v + B? sin? v) + c sin? u)du? 
+ 2((b? — a”) sin ucos usin v cos v)dudu + sin? u(a? sin? v + b? cos? v)dv?. 


4. Find the principal curvature and directions. 


hy 1 ee ee) 


2(LF — ME) 


4 V(GL — NE)? —4(LF)(—NF) 
2(LF) q 
where 


—abc sin? u cos” u(a? cos” v + 6? sin? v) + c? sin? u 


Jc sin? u(b? cos? v + a? sin? v) + a26? cos? u 


—abcsin? u(a? sin? v + b? cos? v) 


so ae ao! 
/ c2 sin? u(b? cos? v + a? sin? v) + ab? cos? u 
—abcsin? u(b? — a?) sin ucos usin v cos 
. . ? 
/c? sin? u(b? cos? v + a? sin” v) + a2b2 cos? u 
—abc(b? — a”) sin ucos usin v cos v 
/c? sin* u(b? cos? v + a? sin? v) + ab? cos? u 


5. Find the mean curvature. 


NE = 


GL 


NF = 


ll 


LF 


qe IG+NE 
- 2(EG — F?)’ 
where 
a ey ee eee 
LG+NE = abc{sin“ u(a” sin” v + b* cos* v)| 


/ (a? sin? v + b2 cos? v)c? sin? u + ab? cos? u 
—abcsin? u[c* sin? u + (b? sin? v + a? cos? v)cos*u] 


/ (a? sin* v + 6? cos? v)c? sin? u + a2b? cos? u 


= —abc [a? sin? v + b? cos v + c* sin? u + (b? sin? v + a? cos* v) cos” u] 
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and 


EG-—F? = [c?sin?u+ (0 sin? v + a” cos? v) cos? ul[sin? u(a? sin? v + 6? cos? v)] 


—((0? — a?) sin ucos usin v cos vu]? 


2 


‘ 3 
(a?¢* sin? usin? v + b?c” sin? u cos? v + ab? cos” u)2. 


6. Find the Gaussian curvature. 


where 
—abc)(—abcsin? u 
ae (abe)( ) 
V/ (a? sin* v + b? cos? v)c? sin? u + a2? cos? u 
_ a*b?c? sin? u 

(a? sin? v + b? cos? v)c? sin? u + a2b? cos? u 

and 
EG—F? = {c?sin?u+ (b? sin? v + a? cos? v) cos? ul[sin? u(a? sin? v + 6 cos” v)| 


—[(b? — a?) sin ucos usin v cos v]? 


= a’c*sin* usin? v + b%c? sin’ ucos? v + ab? sin? ucos? u. 


By substituting and simplifying the above into the formula, we obtain: 
K= ( abc ; 
~ \ ac? sin? usin? v + b2c? sin? u cos? v + a2b2 cos? uu)” 


If we look at a point on the ellipsoid we find, K > 0. Therefore every point on the 


ellipsoid is an elliptic point. 
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Figure 1.7: The sphere (a). 


Example. THE SPHERE 
In the case where a = b = c of (1.23), we see how the above calculations simplify 


to the following. The case of the sphere: 
Sa{e+e7 +2 =a"), 
where the center of the sphere is at the origin and the radius of the sphere is a. We can 


parameterize S by 


X (u,v) = (asin ucos v, asin usin v, acos u), (1.24) 
where 0 <u<7,0<vu< 2z. 


1. Find the fundamental forms: I and II of the sphere. 


Ly = (acosucosv,acos usin v, —asinw), 
Ly = (-asinusinv, asin ucos v, 0), 


Lu, = (—asinucosv, —asin usin v, —acosw), 


€3 
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Lyy = (—acosusinv,acos ucos v,0), 


Ly = (—asinucosv, —asin usin v, 0), 


(a? sin u cos v, a? sin usin v, a” cos u) 


/a? sin? u(a? cos? v + a? sin? v) + a4 cos? u 


(sin u cos v, sin usin v, cos u), 


= cos* u(a? cos” v + a? sin? v) + a? sin? u 


= ar; 


= (a? - a’) sin u cos usin V COS U 


= Q, 


= sin? u(a’ sin? u + a? cos? v) 


= a’sin7u, 


+a 


4/ a? sin? u(a? cos? v + a2 sin” v) + a4 cos? u 


= +a, 


= QO, 


+a? sin? u 


a? sin? u(a? cos? v + a? sin? v) + a4 cos? u 


2 


= -+asin* u. 


2. Find the normal curvature. 


I _ Ldu? + Ndv? 
I = Edu? + 2Fdudv + Gdv2 


+adu? + asin? udv? 
a2du? + a? sin? udv2 


1 
= +-. 
a 


3. Find the mean curvature. 


IG+NE 


T= 3BG— PF?) 


(+aa? sin? u) + (+aa? sin? u) 
2(a?a? sin? u) 


4. Find the Gaussian curvature. 


LN — M? 


eG ee 


(—a)(—a sin? wu) 
(a?) (a? sin? u) 


1 


5. Find the principal curvature. 


kiko = H+VH?—K 
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Figure 1.8: The torus (a). 


Example. THE TORUS 
The torus is another compact surface worth noting. In Chapter 3, the Euler 
characteristic will be found by applying the Gauss-Bonnet theorem to this surface. For now, 


we will find the first and second fundamental forms, the normal and Gaussian curvature of 


the torus. 
Let the torus be parameterized by: 


X (u,v) = ((R+rcosw) cos v, (R+rcosu) sin v,rsinu), 
where 0 <u < 27,0 <u < 2r. 


1. Find the fundamental forms: I and II of the torus. 


Ly = ((—rsinu)cosv, (—rsinu) sin v,rcosu) 
Z, = (-(R+rcosu)sinv, (R+7rcos wu) cos v, 0) 
Luu = (—rcosucosv,—rcos usin v, —r sin u) 


l 


(r sin usin v, —r sin ucos v, 0) 


(—(R+rcosu) cos v, —(R +r cos u) sin v, 0) 


8 
s 
é 

II 


€g = (—cosucosv, sin cos u, — sin u) 
E = r*sin? ucos*v+r? sin? usin? v + r’ cos? u 
— r2 
F = (R+rcosu)(rsinu) cos vsinv —(R+rcosu)(rsinu) cos vsinv +0 
= 0 


G = (R+rcosu)* sin? v + (R+rcosu)* cos? v +0 
= (R+rcosu)* 


= 
T 


N = (R+rcosu)cosu 


2. The normal curvature is 


il Ldu? + 2Mdudv + Ndv? 


I Edu? + 2Fdudv + Gdv? 


rdu* + (R+ cos u) cos udv? 
r2du? + (R+rcosu)?dv? 


3. The Gaussian curvature K is 


LN — M? 
= EG — F? 


r(R +r cos wu) cos u 
2 R-+ rcosu)? 

cos u 
r(R+rcosu) 
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4. The mean curvature H is 


IG—-2MF+4+NE 


sal (BG — F?) 


r(R+rcosu)? + r2(R +7 cos u) cos u 
2r2(R +r cosu)? 


R+ 2rcosu 
2r(R+rcosu) 


5. The principal curvatures k 1, ke are 


kiko = Ht VH?-K 


R+ 2rcosu (R + 2r cos u)? COS U 


— R+2rcosu R? 
~ Ir(R+rcosu) Ar?(R + rcosu)? 
R-+ 2r cos u R 


2r(R+rcosu) 2r(R+rcosu) 


1 cos U 
? 


r’? (R+rcosu) 


2r(R +r cosu) 4r?(R+rcosu)?  r(r+Rcosu) 
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Chapter 2 


Gauss Bonnet Theorem 


Definition. Let S be a surface. A region R C S, the union of a connected open subset 
of S with its boundary, is said to be regular if it is compact and its boundary is a finite 


union of nonintersecting (simple), closed piecewise regular curves. 


Definition. <A surface S is said to be orientable if it can be covered by a family of co- 
_ ordinate neighborhoods such that if a point p € S belongs to two neighborhoods of the 
family, the change of coordinates has a positive Jacobian determinant at p. The choice of 
such a family is called and orientation of S. If such a surface is not possible, the surface 


is said to be nonorientable. 


A sufficiently small portion of a surface is always orientable. The sphere, torus, 


and cylinder are orientable surfaces whereas the Mobius strip is a non-orientable surface. 


Theorem 1. Let R Cc S be a regular region of an oriented surface S with a boundary 
OR formed by n closed, simple, piecewise regular curves Ci,...,Cp. Suppose that each 
C;, is positively oriented, and let $1,...,bp be the set of all interior angles of the curves 
Ci,...,Cn. Then 


a coledas+ ff Kaa ~2ex(R) —Yr~ 60), 


where s is the arc length, kg(s) is the geodesic curvature of C;, K is the Gaussian curvature, 
dA is the element of area of R, x(R) is the Euler characteristic of the region, and ¢; are 


the interior angles of the vertices of the region. 


35 


Figure 2.1: The angle between the vectors y,; and 24. 


2.1 Define the Total Variation 


Before we present the proof, we need to consider the total variation of a vector 
field along a closed curve. 

Let C’ be a closed curve on a surface, S in Euclidean 3-space. Then we have a 
unit frame {e1, €2,e3} at a point p. The vectors e; and eg are on the tangent plane at p 
and represent the u-curve and v-curve in a small neighborhood of p. The vector e3 is the 
oriented unit normal vector. 

Let 21(s) bet the unit tangent vector field of C parameterized by arc length s. We 


have 2; is a linear combination of e; and eg. 
21(s) = a1(s)e1 + b1(s)ee, (2.1) 


where aj, b; are continuously differentiable. Note: z; is tangent to the surface and assigns 
each point p a unit tangent vector of S located on the tangent plane. 
Let yi(s) be another unit tangent vector field of S along C, where Vyi = 0 (i.e. 


Yi is a parallel tangent vector field). Likewise, yj is a linear combination of e, and e2. 
YA (s) =C1 (s)e1 + dy (s)e. (2.2) 


Let represent the angle between yj and 2, see Figure (2.1). 


If we look at how this angle changes for each point on C is independent of 


beach 
’ ds 
the choice of yj and is called the variation of the vector field zj along C.. 


36 


Let X : U — S be orthogonal parametrization of S where U C E? and X keeps 


orientation of S unchanged such that 
X (u,v) = (#1 (u, v), zo(u, v), 23 (u, v)). 


Then we have the unit tangent vectors of u-curves, x,, with u curve increasing. Let 6 


represent the angle between x, and zj. We will assign the tangent vector 
ej = Ly. 


Orthogonal to the unit tangent vectors, 41, 21, € of S are the unit tangent vectors 7, 22, €3 


such that 


| Ys Y2, 3 =| 44,2, €3 [=| ej, €2, 63 |= i 


yi yar O Z11 Za1 O 10 0 
yi2 yor O|= | 22 zo O/= {0 1 OJ=1. 
yiz ye3 «1 213 223 «1 001 


Therefore, yi1yo2 — yoiyi2 = 211222 — 221212 = 1. From Equation (2.1), and since e; is 


perpendicular to eg we have: 
21 = (cos @) e; + (sin 6) eg 


and 


B= (cos (0+ =)) er + (sin(@+2)) ep 


= (—sin@) e; + (cos 6) eg. 


And we can conclude that y; and yo are as follows: 
Yi = (cos (9 — y)) e1 + (sin (9 — )) e2 


Y2 = (—sin (0 — y)) e1 + (cos (6 — y)) eg. 
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Figure 2.2: The unit tangent vectors z1, z2, yi, and yo. 


Since y; is parallel along C with orthogonal tangent vector y2, both are orthogonal 
dy 

to —-. Therefore, 

ds , 


dy1 = dy, = 
A eS ae yo = 0, 


d d d(@ — 
UL, yee Oe AO ey 


ds 2" "ds ds 
Then, 
dey; d(@ = y) 
d a ds 0, 
de, dd dy 


dip = dO + eg - dey. 
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Let the variation of the vector field 71(s) be v = ce which gives 
8 
vds = dO + e9 - dey. 


In the next section we will show how to integrate the variation of the vector field which will 


be the result of 
[ vds = ‘ dd +f €2 : de}. (2.3) 
C Cc C 


2.2. Proof of Gauss-Bonnet Theorem 


We first: prove Gauss-Bonnet Theorem for a simple region R where y(R) = 1. 


Definition: Let S be an oriented surface. A region R C S is a simple region if R is 
homeomorphic to a disk, and the boundary OR of R is the image set of a simple closed 


piecewise regular parametrized curve a: I > S. 


Let R C X(U) be a simple region of S. Let C be the boundary of R. Let a be 
a curve parametrized by arc length, s. Let a(so),...,a(s,) be the vertices of a, where s; 
represents the distance from sg. Let ¢o,...,¢,% be the interior angles at each vertex. 

Let 2(s) be the unit tangent vector of a of R (ie. 2(s) = X’(s)). Then the 


variation, v of zj equals the geodesic curvature at a point p of a of R of S, namely 


_ ap 
~ dg 8 
Therefore, . 
Ko pigs 
i uds = > / kgds. (2.4) 
C i=0 Y 5% 


Let 4; : [8:, $141] — E' be a differentiable function measuring the angle between 


Ly and a’(s) at s € [s;, 8:41], where sy41 = So. 
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Figure 2.3: The angle measures at a vertex. 


By using the rotation index theorem (from reference [Hsi97]), and the figure above 


we can obtain: 


fe = ~ fw 


Y 0(se+1) — (85) 


I 


= W- De (1 — 4;)- (2.5) 


: x x 
Since e; and e2 are u,v-curves, then F = M = 0 and ey = —4 —.. Then 


VE" “WG 
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we have: 


€2° de, 


- HG) 


a (= -IyEy _ tu" J du + (= ‘LyLy _ ty" =) ayy 
2EVEG VEG 2EVEG WEG 


Since we have 
B=fy-ty, F=Hty-ty=%y-ty,=0, G=2y-2y, 
Ey = Wty Lyy = —2lyy, Sy and Gy = 2yy +2, 


the above simplifies to 


€g:dey = (o- He) du+ (o- es) dv 
al(-S)=+(@)« 


BlC-B)=+()44 


Likewise, since we have F' = 0 the Christoffel symbols simplify to the following: 


I] 


E, E E. 
Ti = yal Ty ye Tie = Ta 
(2.6) 
G G : 
Tip = 5G? Te = 5G" 
Then, 
€2 - de, = vG@ (Ti,du + Ti,dv) . (2.7) 


VE 


Al 


Now we will apply Green’s Theorem which states the following: 


Theorem 2. Let R be a simply connected region with a piecewise smooth boundary C, 
oriented counterclockwise. If P and Q have continuous partial derivatives in an open region 


containing R, then 


ro) P 
) Pdu+ Qdv -ff & Ce 4) dudv. (2.8) 
C Ov 
Applying Green’s Theorem to integrate (2.7), we have: 
€g:dey = Ls Ty,du+Dyodv 
L L 3 VE ( 11 12 ) 


(i$), (Vs) Jamo 


In order to simplify this double integral we need to do show some calculations using (1.17), 
(1.18) and (2.6). Before we find the difference of the partial derivatives, we will look at each 


alone. 


Pre 
Sia 
ie] 
Ger, 
4 
\\ 
o- 


t/E\~* fe G 
ae (S) (5) Tip + E (ia), 
uU 
1 /E (EG,-—-GE, G 
aVG (Sa ) Tip + VE (Ti2),, 


= a [E(Gul 2 -— GoT?,)] + V2 (Tia), 


l| 
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[G 
Eg Ol il ts — GT?) a E (Tis), 
G G 
wade 5yegtht V5 Oh, 


G G 
Fag lie — aaralin oe V E (Tis), 


‘e 12,02, -¢ —T2,.0?, +e ( (Tis), 


G 
ig [Pil to -— T3031 + (Ti2),,] (2.10) 


! 


LPO Ke co 

a(s) gy suffom 

1 /E (EG,—-GE G 

Va (mt) Pht BO), 
1 E G 

oF V Go ETis —~ EBT) +4 B (Ti), 


VE G 
92 VEG Br, ~ E,T%,) + E (i), 


EuV EG EyVEG G 
a Tie = age at TYG (C71) 


VEG G 
E Tilt - oe + B (Ti), 


G 
VB Crh r?, — VE Spr, = VE (71) 


G 
(Swit —Thth + (Ch) 1 
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Substituting (2.10) and (2.11) into (2.9), we have: 


[oe - de, eh Ve [(v? 2)u— (T71)e] dudv 


+ VE Cir tal 2 — TST, —ThiT io + Pyelt1| dudv 


VE 1a au — (U21)o + THT Yo — TRG, — Pl fe + Plt dudu 
IIs BLN M? dud 

Vel sel r |" 
7 a Ve 5 [#3 ie dudv 


/ i vie [-EK] dudv 


/ ie —KVEGdudv 


= / I, KdA, (2.12) 


where dA = V EGdudv. 
By substituting (2.4), (2.5), and (2.12) into (2.3), we have obtained the Gauss- 


Bonnet formula for a simple region, R, lying in a coordinate neighborhood of a surface, 


me kyds+ | | Kaa ls ee (2.13) 


i=0 


Now we will consider the regular region R where we have a triangulation {7;} 
of R such that every triangle Z;, is contained in a coordinate neighborhood of a family 
of orthogonal parametrizations. By applying the Gauss-Bonnet formula (2.13) to every 


triangle of R, we have 
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sh gh si 
Th: Ji bods fo kads + f° kyds + | KdA 
si sh sh Th 


= Qn — (x —ai +m—ag+7— 95) 


= att+ad+ad—n, (2.14) 
83 83 83 
To: f kgds + i kgds + / kgds + i KdA 
8? sf 8? Ta 


= Qn — (w— at +n — 03+ 7-08) 
= a?+of+oz—n, (2.15) 


=i, (2.16) 


ke k k 


89 83 $1 
Th: / kgds + i kgds + 7, kgds + / KdA 
st sf sf Tk 


= an — (n—af + - af +0— af) 


= of +a +ak—x, (2.17) 


where k is the number of triangles and od for 7 = 1,2,3, 7 =1,...,% are the interior angles 


of each triangle. 


The integrals of geodesics curvature along each interior edge cancel each other, 


since opposite orientations are induced on the common edge of every pair of adjacent tri- 


Si41 33 
/ kgds + | kgds = 0 
8% Siq4 


x2 


angles, namely 
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Figure 2.4: An example of a triangulation. 


: KdA+ | KdA+...+ ff KdA= | | Kaa. 
Th Teo Th R 


When we add up the equations (2.14), (2.15), (2.16) and (2.17) we obtain: 


n k 
>| kyds+ ff Kaa = Soa} + o§ + af — 7). (2.18) 
ia 9% R 


i=1 


Now we look at the relation between the number of angles, the number of exterior and 


interior vertices and the number of exterior and interior edges. 


Proposition. For a triangulation J, the sum of the number of exterior vertices and the 


number of angles is equal to twice the number of edges, namely 
1+ 3k = 2e, (2.19) 


where [| is the number of exterior vertices, e is the number of edges and k is the number of 


triangles. 
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Figure 2.5: The edge associated with its angle. 


Figure 2.6: The two angles associated with one edge. 


AT 


Proof. We associate each angle, a with its initial edge, x, see Figure (2.5). But 

for each interior edge, there are two angles associated to it, see Figure (2.6). 
For each exterior edge there is one angle and one exterior vertex associated to it, 
see Figure (2.5). Therefore, the sum of number of exterior vertices and the number of angle 


is equal to twice the number of edges = 2e. 


Now, we can finish looking at (2.18) applied to a triangulation T = {T;}*_, of 
rie 

Let f be the number of faces (i.e. the number of triangles in the triangulation). Let 
e be the number of edges. Let v be the number of vertices. Then the number v—e+ f =v 
is the Euler characteristic of the triangulation. Since k is the number of triangles, it is also 
the number of faces, f. (i.e. k = f) Let m be the number of interior vertices. Let I be the 
number of exterior vertices. Let ¢; be the interior angle at each exterior vertex. Finally, 


we obtain: 


n k 
Si) rods + ff KdA = S [oj +04 + 0§) —7] 
i= 7 Ci bss i=1 
k 
= S (ai +a} +0$) —kr 
i=1 
Pp 
- 2mm + Sb; + (i — p)x — ka 
j=l 
Pp 
= 2mm — So (mw — $3) + ln — ke 
j=l 
Pp 
= Imn+la—kr—- >on - 43) 
j=l 
Pp 
= Imm+ln—kn— (mn — 45) 
j=l 


Pp 
= vn — In — 3kn + 2kn — KG — $5) 
j=l 
Pp 
= 2um— (1+ 3k)m + 2ke — (mn — $5) 
j=l 


Qu — (2e)n + 2fa — iG — $;) 


I 


j=l 
Dp 
= In(v—e+f)— > (r-4;) 
j=l 
= wy KG — 9). 


j=l 


In conclusion, we have the Gauss Bonnet Theorem: 


ay raledaa+ ff KaA=20x(R) - D(a) 
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Chapter 3 


Applications 


Now that we have stated and proved the Gauss-Bonnet theorem we can make ap- 
plication of it to some special surfaces. We can use it to find the Euler characteristic of 
a surface or we can show what the area of a surface is. Here are some examples of some 


geometries and their areas. 


Corollary. For a compact surface, 


| [waa = 2nx(S). (3.1) 


We can use the Gauss-Bonnet theorem to either find the area the compact surface given its 


Euler characteristic or vice versa. 


Example. If we look at the sphere parameterized by 
X (u,v) = (asin ucosv, asin usin v, acos u), 


of radius a and where 0 < u < 7, 0 < v < 2m, we have already calculated the first and 
second fundamental forms and the different types of curvatures. 


Recall the following calculations from Chapter 1: 


a] 
I 
S 
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Figure 3.1: The sphere (b). 


= +a7sin? u. 


M 
N 


The normal curvature is: 


S 
Ss 
2, 
+ 

fs) 

3 
3 
= 
N 
+ 

N 
Ps) 
“<S 
wW 

I 

Sle 


Edu? + 2Fdudv + Gdv? 


The Gaussian curvature is: 


Therefore we can calculate the euler characteristic since 27x(S) is equal to the following: 


dudv 


a” sinu 
ae 


[ay 


‘ i sin ududy 
s 
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= [osu 


[2a = 2u|?" 


“do = ih —(—1—-1)dv 


ll 


= An, 


where 
dA = VEG — F? = a’ sin ududv. 
In conclusion, x = 2 from: 


; /. KdA =2nx(S) = 4m. 


Example. We can also use the Gauss-Bonnet theorem of compact surfaces to find 


the Euler characteristic of the torus parameterized by: 
X (u,v) = ((R+rcosu)cosv), (R+rcosu) sin v, 7 sin u), 


where 0 <u < 27,0 <u < 27. 
From Chapter 1, we have already calculated the first and second fundamental 


forms and the different types of curvatures. Recall the following calculations: 


= 0, 
= (R+rcosu)’, 
Tr, 


= 0, 


2>SfeqQys 
Tl 


= (R+rcosu)cosu. 


— 


Figure 3.2: The torus (b). 


The normal curvature is: 


Ir Ldu? + 2Mdudv + Ndv? 
I = Edu? + 2Fdudv + Gdv? 


rdu? + (R+rcosu) cos udu? 
r2du? + (R+rcosu)*dv2 * 


The Gaussian curvature is: 


LN — M? 
EG — F? 


cos u 
r(r+ Reosu) 


By substituting the above into (3.1), we have: 


COS U 
| [Kaa => If ree Renal” + Rceos u)dudv 
a iB cos ududv 
S 
= / —sinu 


Qn 
ae [-o ~ 0d 
0 
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Therefore x = 0 from: 


| [waa = 2rx(S) = 0. 
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